Inverse Trigonometry Functions | 2009

Learning the following before you start doing problems is necessary.

1. Note that sin™! x # and (sin™' x)*# sin? x. Also sin™! x # (sin x)™\.

sin x
2. Principal value branch of inverse trigonometric functions

Function Domain Range
(Principal value branch)

(i) y=sinx —1<x<l | el
2 2
@i) y=goslx | =l<x<] O<y<m
(iii) y=tan" x —oco<L X< o0 —E<y<—7£
2 72
(iv) y=cosec' x x2]lox<-1 ——ES}’SE,y?&O
: 2 2
N ' _ T
(v) y=sec! x | X221 wxL—~1 OSySn,yiE
(vi) y=cot'x —oco< x< oo O<y<m
3. FORMULAE TO BE PRACTICED
(i) % sin” (sinx) =2
i) @ sin” (sinx sx.xe izl s
2.2
@ sin (sin™ x) =x,x€ [-1, 1]
“# cos™ (cos x) = 5 cos (cos™ x) =%
7 tan™ (tan x) =x < 4 tan (tan™' x) =%
cosec”! (cosec x) =x : cosec (cosec'x) =x
sec”! (sac x) = s sec (sec™! x) =
* cot™ (cot x) =% ;s ¥  cot(cot'x) =%

o B e 1
(@) 2 sin’! (;) =cosectx,x21orx<-1;

1
cos™ (; =seclx ¥ = lorx< =
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(1 ] e
@ty r— =i eyse = cosec™ (—) =8 x
~ \ X x
i 1
® sec! |~ |=cos'x ; 8 cot!'|—|=tan'x
\ X X
(iif) ® sin' (-x)=-sin"x ; &  cosec! (-x)=-cosec! x
® cos'(-x)=m —-cos!'x i sec! (-x)=m —sec! x
® tan'(—x)=-tan'x : cot!(-x)=7m —cot x
e T i
(iv) ® sin'x+costx= 5 . sec! x + cosec! x = 5
) i
@ tan'x+cot'x=—
-1 -1 -1 = y
(v) ® tan'x+tan”' y=tan Jifxy <1
— Xy
: x-
® tan”' x-tan'y=tan —y,xy>— 1
Xy
_ i 2x 1-x?
(vi) sin” 5 = cos™ > | =tan”! 5 | =2tan x
1+x% 1+ x . 1
(i) sin! x+sinly = sm“.(x\/l +y \/1 x” )
(i) sin! x—sin y =sin’! (X\/l- 1-x? )
(i) cos'x+cos'y =cos’! (xy \/ -X \/1- , )
(iv)  cost'x-cos'y =cos ( +\/1 2 \/1 4 )
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PRACTICE —1 — FINDING PRINCIPAL VALUE BRANCH OF
INVERSE TRIGONOMETRIC FUNCTION

1. Find the Principal Value Branch of the following :

(i) sin! (- 1) (i) mﬂ—f(%)
Solution:

i) Letsin!(-~1) = ,ee[—i,l‘-] T OO S O .
(1) in"' (-1) =06 7' = sin 0 1 = sin 5

:;,e:_‘_"e[_l‘_,ﬁ] A SR
2 T i e e

= P. value of sin™! (- 1) = ;211

-] -T T -m !
(||) Let tan™ ( ):8‘6 (—-_. _) tan 6 = :tan( ) f=—
3 Y e e E A

af-1) - _(-m = 1\ -n
tan”' | —= |=— | —, = "
= ( 3J 6 6(2 2J:>P value of tan~ (T3J_ 6

PRACTICE YOURSELF -1

Find the Principal VValue Branch of the following functions

(i) sec” (7‘?}-} (ii) cot™(\/3)
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2. Find the prinéipal value of :
= T B = 7n
(i) sin "\ sin 3 (ii) cos | cos =

. 2 -
Sol. (i) sin l(sm‘%n') # ZTn because —;E does not lie between Tn and 12t_

’ _1( , 27t) ) | ( TC) S | |
- SIn Sin— (=81 sSin| T—— | [=SIn " SIn—=—.
N 3 3 3 3

T

2 n
(ii) cos l(cos-?) # Zg' because & does not lie between 0 and .

_1( 771:) i3 ( 5%) ' _1[ 51!] Sn
cos | cos— |=cos | cos| 2mn—— | |=cos” | coOs— |=—
6 6 6 6
3. Find the value of tan™' I + cos™ (—é) + sin~! (——ZI-)
Sol.
-1 — —. — l ’ — -Z[-
Let tan™' 1 0 = tan 6 1 tan 7 0 A
tan-! 1 = L (1
2 (1)

Let cos-! (-%) = 0,0 ¢ (0, )

I n ( n) 2n 2n
——=—-C0§— =COS |T—-—|[=CcOs — => 0O = —
2 3 3 3 N 3

U
(]
o
w
o)
I

—

=7 - =g£
=> COS ( ) 3 .oi(2)

Lﬂsin"(—l) =0,0c¢ [_1,1‘_] = $in0 = wmim i Sin (_3)
2 2 6 6

0o | —

27

~
J

m_ 3n+8n-2n _9m _3m
6

T
1 - — — —_—
given result 2 2 l 2
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4. Find the value of cos“’(-;—) + 2sin~! (é)

Sol.
i1 1
Let cos 1_2_ =0,0¢e (0, n)
1 % =
R e v e 55 = e e i A%
= > cos O = cos cos = :
1 n
cos ' — = =
2 3
1 1 ”
=1 T _
s = a2 = — =S8In— =
= 2 6, 6 ( ,2) =5 §in0 > = =% 5
1 I 1 T T
-1 o5
sin”' — = — 2sin —=2(_)___
2 - 2 6 3
. A | T
given expression = —+— = —
3 3 3

Using Formulae evaluating Inverse Trigonometric Functions

!
— in the simplest form.

1. Write sin™' (Zx\/]—xz ) ——l—s
BT

Sol. Put x = sin 0

v 2xV1-x2 = 2sin0.41-sin2 9 = 2 sin 6 cos 6 = sin 20

', sin™! (Zx V1-x? ) = sin”! (sin 20) = 206 = 2 sin”! x.
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2 g 3
2. Show that tan™! i+tan‘l = = fanrl s
2 11 4
Solution
1 2 Formula used
PEET X +
=tan"—|-+tan"—2— = tan'l—?'———!—l— tan"')c+tan"'y=tan‘I :
2 1 - o B I —xy
211
15
ta "’—22— -1 13 = tan"% = R.H.S

[ cosx n T . :
S Egppess an™ | =———=), S SER T W the simplest form.

| — sin x 2
Solution |
X . X
COS X COSZ 5 B sz 5
tan_~I (————) = tan”! 2 p R
I'=sin x cos? .= +sin® = —2sin = cos=
2 2 2 2
X s N X i X , X il
(cos— — sin —) (cos— + sm—) COS = + sin —
= tan = tan
X b4 2 coS x sin £
cos — — sin—
( 5 2) 2 2
X
| + tan—z— s o -
S T Rl [ tan "' tan (-—+—') = =ik
X 4 2 4 2
| —tan —
2
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2x Y= x°
4. Prove that tan”! x + tan™! 5 = tan”! 3% xz ,x2 < i.
I1-x 1< 3% 3
Solution:
Let tanlx=0, . x=tanO
] 2tan0
an™! x + tan”! T 7 tan TR TS
=0 + tan”! (tan 20) = 0 + 20 = 30 (D
" [3x—x3]_ P (3tan6—tan30j
AL =R )T U 12 3tan?e
= tan”! (tan 30) = 30 :(2)

S. Find the value of each of the following :

(i) cot (tan"! a + cot™! a) (ii) sin (sin"! x + cos™! x)
(iii) cos (sec™! x + cosec™ x)

Solution:

(i) cot (tan~! @ + cot™! @) = cot (%) =0
(if) sin (sin”! x + cos™! x) = sin (%) = 1

7T
(iii) cos(sec™! x + cosec™! x) = cos(EJ = 0

6. Prove that: tan~' —2——+tan”’ L — tan~! i
/1 24 2
Solution:
2 5 7 48 + 77
- = 11 24 -1 264
L.H.S. = tan e tan 264 —14
Ve 5 264
= tan ! (—135—)= tan ~! ] = R.H.S:
250 2

. LHS. = R.H.5:
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1)

2)

3)

4)

3)

6)

7)

8)

9)

10)

11)

12)

13)

14)

15)

16)

CHAPTER AT A GLANCE

1 Mark
7 -1 P \/3 El
Find the value of €0s{Cos 2 I's Ans: -1
Find the value of tan''1 + tan'2 + tan''3. Ans: 11
0 2 1
Solve for x : Sin[Sin 5t Cos x| =1 Ans: ¢
: q tan'1 _COEL A . I + )i
Write the simplest form : T—sihx ns: -
Considering the principal solutions, find the number of solutions of
tan'2x + tan ' 3x = !41 Ans: 2
o | i \/§ = —\/§ Il
Find the principal value of Sin [T]+C°5 (‘—2* Ans: )

" : =1 -1 33 4125
Find the value of x if Cosec™' x +2Cot'7 + Cos 2 Ans: x =Cosec 117
If Cos'x = tan"'x, show that Sin(cos'x) = x*

o 5 . 412 Il
if x>0and Sin"| +5in % |~ 7 » then find the value of x. Ans: x = 13
CosizCot [1-X 1, x=0
Prove that T X
4 Marks / 6 Marks
1 1 1 Il
4tan = —tan'—- s tap Tt — =2
Prove that 5 70 99 4
| T | R, | 3I1 x
If X,¥,Ze[-1,1] suchthatSin"'x +Sin"'y +Sin"'z = 5 find the value of
2006 , .,2007 . _2008 9
X +y +z T 2006 y 2007 2008 Ans: zero ; x=1,y=1,z=1
1 X 1Y X2 2xy yz P |
If Cos —+Cos ' = = q, prove that —-——=coso + S5 =sin“ o
a b a ab b

If Sin~'x +Sin~"y + Sin~'z = I1, prove that xv1- x2 +y1-y? +zJ1-2z2 = 2xyz

2
Prove that : SinZ[cot‘1 {:os(tan‘1 X)H= " :2 :;

I
In any Triangle ABC, if A= tan"'2 and B = tan"'3, prove that C = Y
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RAPID FIRE REVISION ON INVERSE TRIGONOMETRIC FUNCTIONS

Q.1
1—
Prove that cos™ x= 2sin Ex
Q.2
Provethattan ™ x=—cos ™ —7 L x el .
2 1+ =
Q. 3.
Prove that tan E +tan 1 = tan l
11 24
Q. 4.
Prave that cos ™ i +cos™ E = cos E
3 13 ]

Q.5 Evaluatesin {cot™ x)

Q.6. Find the Value of

Cal . i

11 s —

i E
-1 ( . BFEJ

tat sl —

i 4

Q. 7. Write the following in simplest form :

o Jl+ -1

i &
| cosx—smnox
tat _
i Cos X+ s x
Q.8.

Simpdify - tan - |:

Lr=0

grosxr=4hsn x

broosx+asn x

et
Vi —tan x> —1.
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Q. 9. Find the principal value of :

6. 0 < (i) —%

7.0 jmts @) G
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