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APPLICATIONS OF DERIVATIVE 

 

In this topic, we would be learning the following topics: 

1.  Rate of Chage of quantities 

2.  Increasing & Decreasing Functions 

3.  Rolle’s Theorem 

4.  LMV Theorem 

5.  Maxima and Minima 

 

RATE OF CHANGE OF QUANTITIES: 
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Problem 2: 

A rectangular water tank (see figure below) is being filled at the 

constant rate of 20 liters / second. The base of the tank has dimensions 

w = 1 meter and L = 2 meters. What is the rate of change of the height 

of water in the tank?(express 

the answer in cm / sec).  
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Solution: 

The volume V of water in the tank is given by.  

 

V = L x B x H 

We know the rate of change of the volume  = 20 liter /sec. We 

need to find the rate of change of the height H of water . V and H are 

functions of time. We can differentiate both side of the above formula to 

obtain  

 

 

We now find a formula for  as follows.  

 

 

We need to convert liters into cubic cm and meters into cm as follows  

 

1 liter = 1 cubic decimeter  

= 1000 cubic centimeters  

= 1000 cm
 3
  

 

and 1 meter = 100 centimeter.  

We now evaluate the rate of change of the height H of water.  
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1. A function is increasing on an interval if for any x1 and x2 in the interval 

then 

            x1 <  x2          implies          f(x1)  <  f(x2) 

  

2. A function is decreasing on an interval if for any x1 and x2 in the interval 

then 

            x1 <  x2          implies          f(x1)  >  f(x2) 
 

Alternate Definition for Increasing & Decreasing 

Functions 

 
Let f be a differentiable function on the interval (a, b) then  

1. If f '(x) < 0 for x in (a, b), then f is decreasing there. 

2. If f '(x) > 0 for x in (a, b), then f is increasing there. 

3. If f '(x) = 0 for x in (a, b), then f is constant 

 

Problem 1: 

 

Determine the values of x where the function f (x)  =  2x
3
 + 3x

2
 - 12x + 7 

  

Solution 

We first take the derivative 

        f '(x)  =  6x
2
 + 6x – 12 

 

To determine where the derivative is positive and where it is negative, find 

the roots.  Factor to get; 

 

        6(x
2
 + x - 2) = 6(x - 1).(x + 2) 

 

Hence the change in sign can occur when  

        x = 1 and x = -2   

Now create some test values 
x f '(x) 

-3 24 

0 -12 

2 24 
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The derivative is positive outside of [-2, 1] and is negative inside of [-

2, 1].  We can conclude that f is increasing outside of [-2, 1] and decreasing 

inside of [-2, 1].  The graph is shown below. 

 

 
  

 

We saw that the values of x such that the derivative is 0 were of 

special interest.  Other points where there could be a change from increasing 

to decreasing is where the derivative is undefined.   

We call c a critical number if either f '(c) = 0 or f '(c) is undefined.   

 

Problem No. 2 

Determine where the function below is increasing and where it is decreasing. 

                              2 

            f(x)   =                 +   18x 

                            x - 1 

                              2 

            f(x)   =                 +   18x 

                            x - 1 

 Solution 

Since f(x) is not continuous at x = 1, it is also not differentiable there.  

Hence x=1 is a critical point.  To find other critical points, we take a 

derivative.  It is helpful to use negative exponents instead of fractions here. 
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        f '(x)  =   

         

 
        18 = 2(x - 1) 

-2
 Divide by 2 and multiplying by (x - 1)

2
 

        9(x - 1)
2
 = 1    Take the square root of both sides 

        3(x - 1) = 1        or     3(x - 1) = -1 

        x = 4/3    or     x  = 2/3 

This gives us three critical points 

        x  =  2/3        x  =  1        and        x  =  4/3 

Now construct a table and determine positive intervals and negative intervals 

     -2(x - 1) 
-2

 + 18     

x f '(x) 

0 Positive 

.9 Negative 

1.1 Negative 

2 Positive 

        We can conclude that f is increasing for values of x less than 2/3 and 

values of x greater then 4/3.  f is decreasing for values between 2/3 and 4/3 

excluding x  =  1.  Observe the graph to understand Increasing and 

decreasing behaviour of the function. 
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TEST YOURSELF 

 

REFERENCES FOR YOU ON THE ABOVE TEST 

 

Solution No. 1:  

We are given the function  

 
First, we find the derivative:  

 
We set the derivative equal to 0 and solve:  

 
Since the domain of f is the same as the domain of f', -3 and 6 are the only critical 

numbers of f.  

Testing:  

x < -3 f'(-10) = 672 f is increasing 

-3 < x < 6 f(0) = -108 f is decreasing 

x >6 f(10) = 312 f is increasing 

 

Solution: 2 

Determine the intervals in which the functions given beneath are increasing or decreasing 
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We are given the function  

 
First, we find the derivative:  

 
We set the derivative equal to 0 and solve:  

 
Since the domain of f is the same as the domain of f', 0 and 0.75 are the only critical 

numbers of f.  

Testing:  

x < 0 f'(-1) = -7 f is decreasing 

0 < x < 0.75 f(0.5) = -0.25 f is decreasing 

x >0.75 f(1) = 1 f is increasing 

 

Solution No.3 
 

We are given the function  

 
First, we find the derivative:  

 
We set the derivative equal to 0 and solve:  
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Since f' is not defined at - 3 and 3 which are in the domain of f, -3, 0 and 3 are the 

critical numbers of f.  

 

Testing:  

x < -3 f'(-10) = -20 f is decreasing 

-3 < x < 0 f(-1) = 2 f is increasing 

0 < x < 3 f(1) = -2 f is decreasing 

x > 3 f(10) = 20 f is increasing 

 
Rolle's Theorem 

Let               be a function. Rolle’s Theorem is said to be applicable 

i. is  continuous on the closed interval ,  
ii. is differentiable on the open interval ,  and ;   and 

iii.  

Then there exists at least one number c, in the interval            such   that  

implies the slope of the tangent drawn at c is zero. So tangent is parallel to x-axis at 

point “c” 

 

Problem No.1  

 

Does Rolle's Theorem apply       to define on [-3, 3]? If so, find the 

number that exists in the interval [-3, 3] 
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Solution: 
The function  

i. is function is continuous on the interval [-3, 3],  

ii. is differentiable on (-3, 3). It is not differentiable at x = -3 and x = +3, but 

Rolle's Theorem does not require the function to be differentiable at the 

endpoints.  

iii. Also f (3)= f(-3) = 0. Therefore, Rolle's Theorem does apply 

It guaranties the existence of a number c between -3 and 3 such that f'(c) = 0.  

PRACTICE YOURSELF 

 

 

 

 

Answers 

 

 

LAGRANGE’S MEAN VALUE THEOREM 

(LMV) 

Problem on LMV  

For each of the following functions, verify Lagrange’s Mean Value Theorem 

1.  
 

2.  
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3.  
 

4.  
 

 
Solutions to above Problems: 

To apply the Mean Value Theorem to the function  

 
We first calculate the quotient  

 
Next, we take the derivative  

 
And equate it to the result of the calculation above:  

 
We solve this equation to get  

x = 1. 
 

The following figure explains the above solution geometrically. The LMV is justified at 

the point x = 1 

 

 

 

 

 

 

 

Solution No. 2 

To apply the Mean Value Theorem to the function  

 
We first calculate the quotient  

 
Next, we take the derivative  
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And equate it to the result of the calculation above:  

 
We solve this equation to get two answers:  

x = 3.1 and x = 0.84 
 

The following figure clearly shows two tangents to the curve 

f(x) justifying LMV theorem 

 

 

 

 

 

 

 

 

 

 

Solution No. 3 

 

To apply the Mean Value Theorem to the function  

 
We first calculate the quotient  

 
Next, we take the derivative  

 
And equate it to the result of the calculation above:  

 
We solve this equation to get two answers:  

x = 0.77 and x = 2.37 
 

x = 0.84 

x = 3.1 
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Solution No.4  

Workout the last problem to get the answer  

x = 0.38 and x= 2.6 

Solution No. 4 

 
We are given the function  

 
First, we find the derivative:  

 
We set the derivative equal to 0 and solve:  

 
Since the domain of f is the same as the domain of f', 0 is the only critical number of 

f.  

Testing:  

x < 0 f'(-1) = -1 f is decreasing 

x > 0 f'(1) = 1 f is increasing 
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MAXIMA AND MINIMA 

 

2
ND

 Derivative Test of Maxima & Minima 

 

The diagram below shows part of a function y = f(x). The point A is a local maximum 

and the point B is a local minimum. At each of these points the tangent to the curve is 

parallel to the x-axis so the derivative of the function is zero. Both of these points are 

therefore stationary points of the function. The term local is used since these points are 

the maximum and minimum in this particular region. There may be others outside this 

region. 

 

 
Problem No.1  

Find two nonnegative numbers whose sum is 9 and so that the product of one number and 

the square of the other number is a maximum. 
 
Let variables x and y represent two nonnegative numbers. The sum of the two numbers is 

given to be  

9 = x + y   

so that  

y = 9 - x   

We wish to MAXIMIZE the PRODUCT  

P = x y
2
   

However, before we differentiate the right-hand side, we will write it as a function of x 

only. Substitute for y getting P = x y
2
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= x ( 9-x)
2
 .  

 

 

Now differentiate this equation using the product rule and chain rule, getting  

P' = x (2) (9-x)(-1) + (1) ( 9-x)
2
  

= (9-x) [-2x + (9-x)]  

= (9-x) [9-3x]  

= (9-x) (3)[ 3-x ]  

= 0; for x=9 or x=3.  

Note that since both x and y are nonnegative numbers and their sum is 9, it follows that 

. 

If x=3 and y=6, then P= 108 which is maximum 
Problemson Maxima and Minima for practice  

1. An open rectangular box with square base is to be made from 48 ft.
2
 of material. 

What dimensions will result in a box with the largest possible volume?    [Ans. 

V = 32 ft.
3
 ] 

 

2. Construct a window in the shape of a semi-circle over a rectangle. If the distance 

around the outside of the window is 12 feet, what dimensions will result in the 

rectangle having largest possible area? [ ft.
2
 is the largest possible area 

of the rectangle. ] 
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RAPID FIRE ON APPLICATIONS OF DERIVATIVES 

Q. 1. Find maximum and minimum values of the function 

 

Q. 2. Prove that the function  is neither increasing nor 

decreasing on (-11). 

Q. 3. Find the slope of the tangent to the curve  

Q. 4. The distance moved by a particle traveling in a straight line in t 

seconds is given by . Find the time taken by the particle to 

come to the rest. 

Q. 5. The radius of a circle is increasing at the rate of 0.7 cm/sec. What is 

the rate of increase of its circumference? 

Q. 6. The radius of a circle is increasing at the rate of 0.1 cm/sec. Determine 

the rate of change of area when radius of the circle is 5cm. 

Q. 7. Find the rate of change of volume of a sphere w.r.t. its surface area, 

when the radius is 2cm. 

Q. 8. Show that the function f (x) = 2x + 3 is strictly increasing on R . 

Q. 9. Find the equation of the tangent to the curve 

 

Q. 10. Find the interval on which  is strictly increasing or 

decreasing. 

Q. 11. For the function , find the value of x when y increases 75 

times as fast as x . 

Q. 12. It is given that at x -1, the function attains its 

maximum value on the interval . Write the value of a . 
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Answers  

1.         Max value 5, Min value does not exist 

3.          

4.         9 sec 

5.         1.4 cm/sec. 

6.          

7.         1 cm 

9.          

10.        

11.        

12.       a = 120 

 


